Abstract. Let WAP(A) be the space of all weakly almost periodic functionals on a Banach algebra A. The Banach algebra A for which the natural embedding of A into WAP(A) * is bounded below is called a WAP-algebra. We show that the second dual of a Banach algebra A is a WAP-algebra, under each Arens products, if and only if A * * is a dual Banach algebra. This is equivalent to the Arens regularity of A. For a locally compact foundation semigroup S, we show that the absolutely continuous semigroup measure algebra Ma(S) is a WAP-algebra if and only if the measure algebra M b (S) is so.
Introduction and Preliminaries
The dual A * of a Banach algebra A can be turned into a Banach A−module in a natural way, by setting f · a, b = f, ab and a · f, b = f, ba (a, b ∈ A, f ∈ A * ).
A dual Banach algebra is a Banach algebra A such that A = (A * ) * , as a Banach space, for some Banach space A * , and such that A * is a closed A−submodule of A * ; or equivalently, the multiplication on A is separately weak*-continuous. It should be remarked that the predual of a dual Banach algebra need not be unique, in general (see [6, 9] ); so we usually point to the involved predual of a dual Banach algebra.
A functional f ∈ A * is said to be weakly almost periodic if {f · a : a ≤ 1} is relatively weakly compact in A * . We denote by WAP(A) the set of all weakly almost periodic elements of A * . It is easy to verify that, WAP(A) is a (norm) closed subspace of A * . For more about weakly almost periodic functionals, see [7] . It is known that the multiplication of a Banach algebra A has two natural but, in general, different extensions (called Arens products) to the second dual A * * each turning A * * into a Banach algebra. When these extensions are equal, A is said to be (Arens) regular. It can be verified that A is Arens regular if and only if WAP(A) = A * . Further information for the Arens regularity of Banach algebras can be found in [6, 7] .
WAP-algebras, as a generalization of the Arens regular algebras, has been introduced and intensively studied in [8] . Indeed, a Banach algebra A for which the natural embedding of A into WAP(A) * is bounded below, is called a WAPalgebra. It has also known that A is a WAP-algebra if and only if it admits an isomorphic representation on a reflexive Banach space. If A is a WAP-algebra, then WAP(A) separate the points of A and so it is ω * -dense in A * . It can be readily verified that every dual Banach algebra, and every Arens regular Banach algebra, is a WAP-algebra for comparison see [14] . Moreover group algebras are also always WAP-algebras, however, they are neither dual Banach algebras, nor Arens regular in the case where the underlying group is not discrete, see [5, Corollary3.7] and [18, 14] . Ample information about WAP-algebras with further details can be found in the impressive paper [8] .
The paper is organized as follows. In section 2 we introduce some algebraic and topologic properties of WAP-algebras. How to inherit the weakly almost periodicity of Banach algebras to the ideals, quotient spaces, direct sums and by homomorphisms are studied. We show that the second dual of a Banach algebra A is a WAP-algebra, under each Arens products, if and only if A is Arens regular. In section 3 we deal with a locally compact foundation semigroup S, we show that the absolutely continuous semigroup measure algebra M a (S) is a WAP-algebra if and only if the measure algebra M b (S) is so.
2. Some algebraic and topologic properties of WAP-algebras N. J. Young turns out a Banach algebra A admits an isometric representation on a reflexive Banach space if and only if the weakly almost periodic functionals of norm one determines the norm on A. The following proposition provides a property qualification of WAP-algebras. [8, Corollary3.8] there is a reflexive Banach space E such that π :
* be the canonical map. Suppose that B is a dual Banach algebra and φ : A → B is a bounded below homomorphism, then φ * (WAP(B)) ⊆ WAP(A). Also:
So ι is bounded below. Proof. Since the identity map is bounded below, it is an immediate consequence of proposition 2.1 (iii).
By above corollary, it is convenient to suppose a WAP-algebra A has an isometric representation on reflexive space E. This can clearly be achieved by renorming A by a 1 = π(a) , (a ∈ A) where π is a bounded below representation on E. Corollary 2.3. Let A be a WAP-algebra and B be a closed subalgebra of A. Then B is a WAP-algebra.
Proof. Since the inclusion map is bounded below, it is an immediate consequence of proposition 2.1 (iii). 
(ii)⇒ (iv)If E = {0} is not a reflexive Banach space, then WAP(F (E)) = {0} (see [18] Theorem 3). Thus WAP(B(E)) can not separate the points of F (E) and so B(E). Thus it's not a WAP-algebra.
, we have:
And similarly < T α S, τ >−→< T S, τ >. Hence the multiplication on B(E) is separately w * -continuous and B(E) is a dual Banach algebra.
The Proposition 2.1(iii)with Corollary 2.3 shows that a WAP-algebra A is isomorphic to a closed subalgebra of a dual Banach algebra, so it is convenient to suppose that a WAP-algebra is norm closed subalgebra of some dual Banach algebra. This can be achieved by redefining suitable norm.
A large class of WAP-algebras are semisimple cummitative Bananach algebras. We refer to [13] for this kind of algebras.
Proposition 2.5. Let A be a semisimple cummitative Bananach algebra, then A is WAP-algebra.
Proof. Since ∆(A) ⊆ W AP (A) and ∆(A) seprerates the points of A and ||a|| 1 = sup{|f (a)| : a ∈ ∆(A)} is a Banach norm on A. We know that every Banach norm on semisimple Banach algebras are equivalent ( [13] ). Thus A is a W APalgebra.
Let G be a locally compact group and ω is a Borel-measurable weight function on it. Then the Fourier-Stieltjes algebra B(G) and the weighted measure algebra M b (G, ω) are dual Banach algebras, also the Fourier algebra A(G) and L 1 (G, ω) are closed ideals in them respectively. Hence all are WAP-algebras.
Let (A, A * ) be a dual Banach algebra and I is an ideal in A, we define the annihilators:
It is easy to see that (
The following lemma show that whenever the seminorm ||.|| WAP(A) could be a norm on A.
Lemma 2.6. Let A be a Banach algebra. Then the following conditions are equivalent.
(1) WAP(A) separates the points of A.
Proof. Clearly (1) and (4)are equivalent.
(1)⇒(2). Let 0 = x ∈ A. Then there is a f ∈ WAP(A) such that f (x) = 0.
* topology then there is an index α such that f α (x) = 0 so WAP(A) separates the points of A.
By using [18, Theorem 1] and the previous lemma, the following is immediate.
Proposition 2.7. The following statements are equivalent.
(1) A is WAP-algebra. 
(i)
A I is a dual Banach algebra with respect to
For x ∈ A and f ∈ A * we define the module action of Since A is a WAP-algebra, then A/I is a closed subalgebra of WAP(A) * /I and so it is a WAP-algebra.
(ii) Let I = ker(ϕ), then I is closed ideal in A and A/I ∼ = B isometrically isomorphic. Thus by (i) the Banach algebra B is a WAP-algebra. Let X and Y be Banach spaces and T : X * → Y * be a bounded operator. Recall that the following conditions are equivalent:
We now state the main result of this section. [12, Theorem 4.10] there is a reflexive Banach space E such that A and also A * * are closed subalgebras of B(E). Hence A * * is a WAP-algebra. Thus (i)⇒ (ii)⇔ (iii)⇒ (iv) were established.
We show that if A * * with either Arens product has a representation on a reflexive Banach space then it is a representation with another Arens product. Thus the equality (iv)⇔ (v) was established. Let π : (A * * , ) → B(E) be an isometric representation on a reflexive Banach space E (See corollary2.2 and explanations after it). By [8, Proposition 4.2] π is ω * -ω * -continuous. Let Φ, Ψ ∈ A * * and (a α ) and (b β ) be nets in A that ω * -convergening to Φ and Ψ, respectively. Then for each
is an isometric representation. Similarly for another Arens product.
(v)⇒ (i)Let (A * * , ♦) is a WAP-algebra. Then there is an isometric representation π : (A * * , ♦) → B(E), for some reflexive Banach space E. Hence by above equalities,
Since π is injective, we conclude A is Arerns regular Banach algebra. Proof. Let A * * be a Arens regular Banach algebra, then WAP(A * * ) = A * * * . Also A is a closed subalgebra of A * * so it is Arens regular Banach algebra. Thus WAP(A) = A * and so WAP(A * * ) = WAP(A) * * . Conversely, let A be a Arens regular Banach algebra then WAP(A) = A * . Thus WAP(A * * ) = WAP(A) * * = A * * * , and so A * * is Arens regular.
There exists a Banach algebra A such that A is Arens regular, but A * * is not Arens regular (see [7] ). Examples 2.15.
(1) Let S = (N, min). Then ℓ 1 (S) is a WAP-algebra, but the second dual isn't so. (2) Let S = (N, max). Then ℓ 1 (S) is a dual Banach algebra, but the second dual isn't so. (3) Let S be infinite zero semigroup, then ℓ 1 (S) * * is a dual Banch algebra but ℓ 1 (S) isn't so.
absolutely semigroup measure algebras
Following [4] , a semitopological semigroup is a semigroup S equipped with a Hausdorff topology under which the multiplication of S is separately continuous. If the multiplication of S is jointly continuous then S is said to be a topological semigroup. We write ℓ ∞ (S) for the commutative algebras of all bounded complexvalued functions on S. In the case where S is locally compact we also write C(S) and C 0 (S) for the closed subalgebras of ℓ ∞ (S) consist of continuous elements and continuous elements which vanish at infinity, respectively. We also denote the space of all weakly almost periodic functions on S by WAP(S) which is defined by WAP(S) = {f ∈ C(S) : {R s f : s ∈ S} is relatively weakly compact in C(S)}, where R s f (t) = f (ts), (s, t ∈ S). Then WAP(S) is a closed subalgebra of C(S). Many other properties of WAP(S) and its inclusion relations among other function algebras are completely explored in [4] . Let M b (S) denotes the Banach space of all bounded complex regular Borel measures on S with the total variation norm. Then M b (S) with the convolution multiplication * defined by the equation
is a convolution measure algebra as the dual of C 0 (S).
Let µ ∈ M b (S) and let L ∞ (|µ|) be the Banach space of all bounded Borelmeasurable functions on S with essential supremum norm,
Consider the product linear space Π{L ∞ (|µ|) : µ ∈ M b (S)}. An element f = (f µ ) in this product is called a generalized function on S if the following conditions are satisfied:
(1) ||f || ∞ = sup{||f || µ : µ ∈ M b (S)} is finite.
(2) if µ, ν ∈ M b (S) and |µ| ≪ |ν|, then f µ = f ν , |µ|-a.e. Let GL(S) denote the linear subspace of all generalized functions on S. Then M b (S)
* is isometrically isomorphic to GL(S), see [15] . We identify C 0 (S) with its image by canonical map ι : C 0 (S) → GL(S). The w * -topology on GL(S) is σ(GL(S), M b (S)). Let A be a convolution measure algebra in M b (S), i.e. a normclosed solid subalgebra of M b (S). In other words, for all µ ∈ M b (S) and ν ∈ A such that |µ| ≪ |ν|, we have µ ∈ A. The space of all measures µ ∈ M b (S) for which the maps x → δ x * |µ| and x → |µ| * δ x from S into M b (S) are weakly continuous is denoted by M a (S) , where δ x denotes the Dirac measure at x. Then M a (S) is a closed two-sided L-ideal of M b (S) ; see Baker and Baker [3] or Dzinotyiweyi [11] . The locally compact semigroup S is called foundation if , F a (S), the closure of the set ∪{supp(µ) : µ ∈ M a (S)} coincide with S .
Let F and K be nonempty subsets of a semigroup S and s ∈ S. We put s −1 F = {t ∈ S : st ∈ F }, and F s −1 = {t ∈ S : ts ∈ F } and we also write s −1 t for the set s −1 {t}, F K −1 for ∪{F s −1 : s ∈ K} and K −1 F for ∪{s −1 F : s ∈ K}. The authors and H.R. Ebrahimi-Vishki in [14] , for a locally compact topological semigroup S showed that M b (S) is a WAP-algebra if and only if the canonical mapping R : S −→ S wap is one to one, where S wap is the weakly almost periodic compactification of S. In this section we show that for a foundation semigroup S, this is equivalent to M a (S) is a WAP-algebra.
The following theorem is the main result of this section. Proof. If M b (S) is a WAP-algebra then M a (S) is a closed subalgebra in it, so M a (S) is a WAP-algebra.
As the proof of lemma 1.8 [11, p.16] for all x 1 , x 2 ∈ S with x 1 = x 2 there is µ ∈ M a (S) such that δ x1 * µ = δ x2 * µ. Let M a (S) is a WAP-algebra, then for all µ ∈ M a (S) we have ||µ|| = sup{| f, µ | : ||f || ≤ 1, f ∈ WAP(M a (S))} and by [15, Theorem3.7 ] WAP(S) = WAP(M a (S)), so ||µ|| = sup{| f, µ | : ||f || ≤ 1, f ∈ WAP(S)}. Thus there is a f ∈ WAP(S) such that µ, R x1 f = δ x1 * µ, f = δ x2 * µ, f = µ, R x2 f Thus R x1 = R x2 . This means the canonical mapping R : S −→ S wap is one to one, where S wap is the weakly almost periodic compactification of S. By [14, Theorem 3.1] M b (S) is a WAP-algebra.
By using [14, Theorem3.1] and the previous Theorem, the following is immediate. (1) M a (S) is WAP-algebra.
(2) ℓ 1 (S) is a WAP-algebra.
is a WAP-algebra.
By using [16, Corollary8] and Theorem2.13, the following is immediate. The next example shows that in Theorem3.1 the condition S be foundation semigroup can not be omitted. wap is not one to one. Therefore M b (S) isn't a WAPalgebra ( see [14] also) but clearly M a (S) is a WAP-algebra.
